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MODULE STRUCTURE ON INVARIANT JACOBIANS
NANHUA XI
LetG be a connected semisimple algebraic group over an algebraically
closed field K of characteristic 0 and ρ a rational representation of G
on V = Kn. Then G acts on the ring A = K[x1, x2, ..., xn] of polyno-
mial functions on Kn, the representation is denoted by τ . The sub-
space Ad of A consisting of homogenous polynomials of degree d is
a G-submodule of A. For a polynomial f in A, the Jacobian J(f)
is the subspace A spanned by all the partial derivatives ∂f
∂xi
. When
G = SL2(K), in 1985 Stephen Yau conjectured that if J(f) is invari-
ant, then the set of highest weights of J(f) is a subset of the highest
weights of A1. (Convention: in this paper invariant means G-invariant.)
Yau’s conjecture arose from his study of singularities, see [NY, Y1-Y3,
Y5].
The conjecture was proved for the following cases: (a) n ≤ 5, see
[Y4], (b) A1 being irreducible, see [SYY], (c) some special cases for
n = 6, 8, see [Yu, YYZ]. For general G and f ∈ Ad, Kempf showed
that when f = 0 is projectively smooth or ρ is irreducible, if J(f) is
invariant and d ≥ 3, then f is invariant, see [K]. Kempf also showed in
the same paper that if f is homogenous of degree greater than 2 and
J(f) is invariant, then there is an invariant homogeneous polynomial
g in A with the same degree as of f such that J(f) = J(g). It is clear
that J(f) is invariant if f is an invariant, see [Y4, K]. The purpose of
this paper is to give a positive answer to Yau’s conjecture for arbitrary
G. More precisely, we have the following result.
Theorem. Keep the notations above. Let e1, ..., en be the standard
basis of V so that xi(ej) = δij . Then
(a) The linear map A⊗ V → A defined by f ⊗ ei →
∂f
∂xi
is a homomor-
phism of G-modules.
(b) If f ∈ A is invariant, then J(f) is a quotient module of V .
(c) If f ∈ A is homogenous of degree greater than 2 and J(f) is invari-
ant, then J(f) is a quotient module of V .
Remark: Since A1 is the dual module of V , so that for G = SL2(K),
V is isomorphic A1 as G-modules, Yau’s conjecture then follows from
(c).
Proof. (a) Let f = xa11 · · ·x
an
n . We need to show that the map sends
τ(t)f ⊗ ρ(ei) to τ(t)(
∂f
∂xi
) for any t in G. Let ρ(t)(ei) =
∑n
j=1 aji(t)ej ,
1
2 NANHUA XI
then τ(t)(xk) =
∑n
j=1 akj(t
−1)xj . So τ(t)f ⊗ ρ(ei) is sent to
∑n
j=1 aji(t)
∂(τ(t)f)
∂xj
=
∑n
j=1 aji(t)
∑n
k=1 akakj(t
−1)τ(t)(xa11 · · ·x
ak−1
k−1 x
ak−1
k x
ak+1
k+1 · · ·x
an
n )
=
∑n
k=1 ak(
∑n
j=1 akj(t
−1)aji(t))τ(t)(x
a1
1 · · ·x
ak−1
k−1 x
ak−1
k x
ak+1
k+1 · · ·x
an
n )
=
∑n
k=1 δkiakτ(t)(x
a1
1 · · ·x
ak−1
k−1 x
ak−1
k x
ak+1
k+1 · · ·x
an
n )
= aiτ(t)(x
a1
1 · · ·x
ai−1
i−1 x
ai−1
i x
ai+1
i+1 · · ·x
an
n )
= τ(t)( ∂f
∂xi
).
Hence the linear map is a hommorphism of G-modules.
(b) follows from (a). Assume that f ∈ A is homogenous of degree
greater than 2 and J(f) is invariant. According [K, Theorem 13], there
is an invariant homogeneous polynomial g in A with the same degree
as of f such that J(f) = J(g), thus (c) follows from (b). The theorem
is proved.
For the case of SL2(K), using the setup of [Y] (see also [SYY, Yu,
YYZ]), one can show easily that the linear map A⊗A1 → A, f ⊗xi →
(−1)i ∂f
∂xi′
is a homomorphism of SL2(K)-modules (or more precisely,
homomorphism of sl2(K)-modules since the Lie algebra sl2(K) is used
in [Y]), here i′ is determined by the following conditions (1) xi′ is in
the submodule generated by xi and (2) the weight of xi′ is opposite
to that of xi. Combining [K, Theorem 13], this argument also proves
Yau’s conjecture.
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